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Transformation of Systems of Linear Differential 

Equations. 

By E. J. WlLCZYNSKI. 



§1. Staeckel has shown* that the most general transformation, which con- 
verts a general homogeneous linear differential equation of order m > 1 , into 
another of the same form and order, is 

T: »=/(£), y= <p{Z)n, 

where /(£) and <?> (£) are arbitrary functions of £. If to = 1 the most general 
transformation is 

where X is a constant. 

In this paper we consider, more generally, a system of linear differential 
equations, and find the most general transformation which converts such a 
system into a system of the same order. The transformation thus found, of 
course, contains ^as a special case. The method of investigation is essentially 
the same as that of Staeckel. 

A theory of invariants of systems of linear differential equations, based on 
this general transformation, is now being worked out by the writer. 

§2. Any system of n independent homogeneous linear differential equations, 
containing n unknown functions y x , y % , . ■ ■ ■ y n ofx, and their derivatives of 

*Crelle's Journal fur Mathematik, Bd. 111. 
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order 1, 2, .... m, can be written in the form 



(*=1, 2 \), 



*=i 



* =1 y=(*i + 1,^+a, ....^+a,), 



*/» +2^*y* =0 ' Co" 31 **- +1, K-l+% *■»), 



fc=l 



fc=1 a 1 + X s + X,+ .... +^ + X = n. 



/ 



(1) 



The integration of such a system involves 



arbitrary constants, and as such we can take the values of 



&, + !■ 



• Vk,, yi, 



y*,. 






,/ro — l) 

• • #A, > 

7/ (m-2) 

• • tfA.+Aj' 



26l 1 +A,+ ....+A m _ 1 + l. 



2/\ 1 + A 2 +....+\ m _ 1 + A B 



(I) 



for an arbitrary value » of x . 



§3. We wish to find the most general transformation 



yi = & (£ ; m, n% *in) » * =/(£ ; m, m, — v n ), 



(2) 



which will transform (1) into a system of the same form (1'), which we can 
imagine written down, if in (1) we substitute Greek letters vj, n and £ for y, p 
and x. 
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Now from (2) we obtain 

9ft + y 9|i^» \ 



dy { _ d Z & ^ g = Y» 
dX _^4.V a / *L* ° 







,dT n 


-Y a 


da 




d? yi 




° * 


d£ 


Yn 


da? 






a 3 




- a 3 ' 



(3) 



dx* a 2 "- 1 ' 



) 



where 



' "" ae \4i a** d% - 



(4) 



and Y a , Y iZ , etc., are defined by these equations, and are rational integral func- 
tions of yi' x , *?(', *7J>>. In particular, 

V — /T^^l _ v ^ 

and if we denote by H^ the coefficient of ^ in F«, 

H — Oil M.— M- dg ( .spfdgt df _ df dg { \ , , , 

"~fa dk fa dt^Sfafa fa far*' K) 

(X=l, 2 n). 

These cannot all vanish identically, for else the functions /and g t would not 
be dependent. 

If we differentiate 

do^- 1 a 8 *" 3 ' 
with respect to x, we get 



C?X" 



r&*-l 



so that 



7 *=«^^-(^- 3 )^f F <--i- 



(6) 
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Denoting generally by E ilLk the coefficient of vfp in Y illt we have, therefore, 

and hence .Bj M = a" -8 !^, (ji=2,3, m), (7) 

so that £T iM is different from zero, if H iU is. 



§4. If we substitute the values (2) and (3) in (1), we get 

(8) 



*im "T" ^ (^m — 1, i, k *fc, m — 1 <* 4" pm — 2, «, J; •**:, m — 2 ^ + • • • • 

etc etc. 



Now T im is linear in yi ( ™ ] r^\ and actually contains at least one of the 

m th derivatives, since at least one of the coefficients H i%x and, therefore, at least 
one E imX is different from zero. 

Now, it must be possible to solve (8) for \ derivatives of order m, \ of 
order m — 1, etc. For the transformed system is to be of the same order as (1). 
If the notation is so chosen, we shall, therefore, be able to express r^f, .... yj^ 
in terms of lower derivatives, etc. Moreover, these expressions must be linear 
and homogeneous in yj lt . . . . vj n and their derivatives, so that the transformed 
system may be of the same form as (1). If, then, in (8) itself, we divide each 
equation by the coefficient of one of the derivatives of highest order which 
occurs in it, the resulting equations must themselves be homogeneous and linear 

in »7i. Vn, etc. 

Let >7i m) be a derivative which occurs in the i th equation (8). Divide by 
H lmX . Since the coefficients p a6c are arbitrary, each of the terms 



- Efc, m — 1 Pm — 1, i.fcff YhlPlikG Poikffk g 

TT , . . . . „ , _. 

must be homogeneous and linear in y] U .... y] n , vj{, ■ ■ ■ ■ Yi' n , etc. 
Now the last of these expressions is 

Pm [/(£ ; m, ■ ■ ■ ■ »7»)] 9k [(£ ; »7i, • • • • »?.)] (g^ +2 g£ -%f) 



(9) 
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This is linear and homogeneous in -^ , when rn > 1 , only if 

1^ = 0, 01=1,2 n), 

i. e., if x is a function of £ only, say 

In that case, the expression 

Pm(M)~]gAZ;m>----yn)f'(i;) m 

must be a homogeneous linear function of v[ u . . ■ . ri n . Moreover, the notation 
can always be so chosen that h = i, so that >^ m) occurs in the i th equation (8). 
Then 

dg U=l, 2 n)( W > 

must be linear and homogeneous in tj lt .... ^„. 

A similar examination of the vn — 2 nd expression (9), 



YnPzacV 



,2m— i 



■H-imi 



shows that this expression is linear in ^ ..... ^ if, and only if, 



^- = 0, (X,it=l,2,....n), 



so that 

9k = «m (£) *!i + « fc2 (£) Vz + + ««» (£) »7» + a M (£). 

But since (10) must be linear and homogeneous in yj lt .... ri n , a m must vanish. 

In the general case m > 1 , we have, therefore, shown that the most general 
transformation which converts (1) into a system of the same order and degree is 

» = /(!), 2/fc=afci(£)»7i + a «s(£)>72+ +a*»(£)'7n,l ,^ 

(i = l, 2, ....«), J ' 

5 



^■=P*lVi+ ••• +P*y* (*=1,2 n) (12) 
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and moreover, it is clear that every transformation of this form actually effects 
the required change, provided that 

§5. We still have to examine the particular case m = 1 . But in this case it 
is better to adopt an entirely different method of proof. 

Let 

be the given system. Let 

Vu, t/n, y* (& = 1, 2, n) (13) 

be a simultaneous fundamental system of (12), so that the general solutions 
will be 

yi — eitfu + c»yta+ +c n y kn , (&=1, 2, n). 

Any fundamental system of (12) is then of the form 

Vu = G a tfni+ c .a S/*a+ + °*yu, (•, *=1, 2, n), (14) 

where A=|c^|^=0, (*,/=l, 2 «), 

and c y are arbitrary constants. 

But we can write (12) in a different way. If we differentiate each equation 
(12) n — 1 times, we get 

%jc=P**to+ •••• +l**y». (^=1,2, ....«). (15) 

By eliminating the ra — 1 quantities ^ { , i =f=k from (15), we obtain n equations 

(ft = 1, 2, . . . . n) 

for 2/j, .... y„. In special cases these equations may be of lower than the n th 
order, but in general they are not. 

But there are relations between the equations (16), so that the general solu- 
tion of one of them, say y u being known, the others are at once obtained in the 
form 

yu = s k0 y 1 + s kl -^-+ .... + s Kn-i- a r^=i, (17) 

(ft = 2, 3, n): 
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This follows simply from (15) by putting h = 1 and solving for y z , . . ■ ■ y n . In 
other words, equations (16) are cogredient, as might also have been proved from 
the fact that the simultaneous fundamental systems of (12) are cogredient. 
The general system (12) is, therefore, equivalent to the system 






n dx n 



dx n 



dx 



+ 



d n -% 



+ S h, »-l 



<fcc 



,»-l » 



(* = 2, 3, 



n). 



(18) 



If the transformation 



*?«), » = /(£> *7n »7n) 



(19) 



n), (12a) 



(18a) 



converts (12) into a system of the same form and order 

*fr = *»»?!+ .... +7t,„>7 n , (ft = 1, 2, . . 

it must also convert (18) into a system of the same form and order 

d n v!i , d n -% . . _ A 

m — Gkom + Gkifit + — + °X »-i dp-i 

(18a) being equivalent to (12a) just as (18) is to (12). 

But, by the method of the general case, it is now seen that the only trans- 
formations which convert (18) again into a linear system are, in general, 

y* = *u(£)*ii+ — +a to (£)»7n. »=/(£)> 

provided that n > 1 , and every such transformation does change (12) into a sys- 
tem of the same form. 

For n = m = 1 the theorem is not true. Staeckel has settled this case. For 
particular cases, of course, there may be other transformations which effect the 
required transformation. For instance, if m = 1 , n > 1 , p a = for i =f= & and 
Pm =£ . transformations of the form 



where \ is a constant, are also permissible. 
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§6. We have the general theorem. All transformations which convert a gen- 
eral system of n homogeneous linear differential equations into another of the same 
form and order, have the form 

* =/(£)> Vk = ttfcl (£) Vl + + «fcn (£) J7m 

(*=1, 2 n), 

where f, a kl , . • . a^ are arbitrary functions of %. Only ifn=l, and if the single 
differential equation to which the system then reduces is of the first order, is there an 
exception, the most general transformation being in that case 

» = /(£). y = a<(£)n\ 
where % is a constant. 

This theorem can be extended to systems of non-linear homogeneous differ- 
ential equations by a method analogous to the method employed for this purpose 
by Staeckel in the case of a single differential equation. 

University of California, Berkeley, March 8, 1900. 



